Controllability properties of a partial di erential equation (PDE) model describing a thermoelastic plate are studied. The PDE is comprised of a Kircho plate equation coupled to a heat equation on a bounded domain, with the coupling taking place on the interior and boundary of the domain. The coupling in this PDE is parameterized by > 0. Boundary control is exerted through the (two) free boundary conditions of the plate equation, and through the Robin boundary condition of the temperature. These controls have the physical interpretation, respectively, of inserted forces and moments, and prescribed temperature, all of which act on the edges of the plate. The main result here is that under such boundary control, and with initial data in the basic space of wellposedness, one can simultaneously control the displacement of the plate exactly, and the temperature approximately. Moreover, the thermal control may be taken to be arbitrarily smooth in time and space, and the thermal control region may be any nonempty subset of the boundary. This controllability holds for arbitrary values of the coupling parameter .
Here, , ; and are positive constants and 0. The positive constant is proportional to the thickness of the plate and assumed to be small with 0 < M: The boundary operators B i are given by B 1 ! 2 1 
where h(x; y) x ? x 0 ; y ? y 0 ]. The PDE model (1) , with boundary functions u 1 = u 2 = 0, and u 3 = 0, mathematically describes an uncontrolled
Kircho plate subjected to a thermal damping, with the displacement of the plate represented by the function !(t; x; y), and the temperature given by the function (t; x; y) (see 11] for a derivation of this model). The given control variables u 1 (t; x) and u 2 (t; x) are de ned on the portion of the boundary (0; T) ? 1 ; the control u 3 (t; x) is de ned on (0; T) ? 2 .
Making the denotations L 2 + ( ) = ; (5) we will throughout take the initial data ! 0 ; ! 1 ; 0 ] to be in H 2 ? 0 ( ) H 1 ? 0 ( ) L 2 + ( ). For initial data in these spaces, and controls u 1 = u 2 = 0, and u 3 = 0, one can show the wellposedness of (1) with the corresponding solution !; ! t ; ] being in C( 0; T]; H 2 ? 0 ( ) H 1 ? 0 ( ) L 2 + ( )) (see e.g., 11] and 2]). In this paper, we will study controllability properties of solutions of (1) In regards to the literature on this particular problem, the most relevant work is that of J. Lagnese in 12] (indeed, this present paper is principally motivated by 12]). Therein, Lagnese shows that if the coupling parameter is small enough and the boundary ? is \star{shaped", then the boundary controlled system (1) is (partially) exactly controllable with respect to the displacement !. Also in 20], a boundary{controlled system of thermoelasticity similar to (1) is studied, with a coupling parameter likewise present therein, and a result of partial exact controllability (again for the displacement) for this PDE is cited. This controllability result is quoted to be valid for all sizes of ; however, in the private communication 21], the author of 20] has acknowledged a aw in the controllability proof, the correction of which will necessitate a smallness criterion on , akin to the situation in 12]. The chief contribution of the present paper is to remove restrictions on the size of the coupling parameter (see Theorem 1.2 below), at the expense of adding the control u 3 in the thermal component. For a 1{D version of (1), S. Hansen and B. Zhang in 8], via a moment problem approach, show the system's exact null controllability with boundary control in either the plate or thermal component. Other controllability results for the thermoelastic system which do not assume any \smallness" condition on the coupling parameters deal with distributed/internal controls. These include that in 6], in which interior control is placed in the Kircho plate component subject to clamped boundary conditions; with such control, one obtains exact controllability for the displacement !, and approximate controllability for the temperature . Alternatively in 5], interior control is placed in the heat equation of (1) so as to obtain exact controllability for both components ! and . In addition, the work in 17] deals with obtaining a result of null controllability for both the displacement and the temperature, in the case that interior control is inserted in the Kircho plate component of (1) .
So again, the main contribution and novelty of this paper is that we consider boundary controls acting via the higher order free boundary conditions, and we do not assume any size restriction on the coupling parameter . Moreover, we do not impose any geometric \star{shaped" conditions on the controlled portion of the geometry.
It should be noted that the particular type of boundary conditions imposed on the mechanical variables greatly a ects the analysis of the problem, even in the case of internal control. Indeed, in the case of all boundary conditions, save for the free case, it is known that the thermoelastic plate semigroup can be decomposed into a damped Kircho plate semigroup and a compact perturbation (see also 18] for a spectral decomposition of the thermoelastic system under lower order boundary conditions). Since controllability estimates are invariant with respect to compact perturbations (at least in the case of approximately controllable systems, which we are dealing with here), the aforesaid decomposition, valid for the case of lower order boundary conditions, reduces the problem of exact controllability for the mechanical variable to that of uncoupled Kircho plates. Thus, the case of lower order boundary conditions allows a reduction of the coupled problem into one which has been much studied in the past. This strategy, while successfully employed in the case of clamped or hinged boundary conditions (see 6]), is not applicable here. Indeed, in our present case of free boundary conditions, there is no decomposition with a compact part, as in the lower order case (see 16] ); moreover, the controllability operator corresponding to the given boundary controls is not bounded on the natural energy space. This latter complication is due to the fact that the Shapiro{Lopatinski conditions are not satis ed for the Kircho model under free boundary conditions.
The strategy adopted in this paper consists of the following steps: Initially, a suitable transformation of variables is made and applied to the equation (1); subsequently, a multiplier method is invoked with respect to the transformed equation. The mulitiplers employed here are the di erential multipliers used in the study of exact controllability for the Kircho plate model (inspired by 11]), together with the nonlocal ( DO) multipliers used in the study of thermoelastic plates in 3] and 4]. This multiplier method allows the attainment of preliminary estimates for the energy of the system. However, these estimates are \polluted" by certain boundary terms which are not majorized by the energy. To cope with these, we use the sharp trace estimates established in 15] for Kircho plates. The use of this PDE result introduces lower order terms into the energy estimate, which are eventually eliminated with the help of a new unique continuation result in 10]. It is only at the level of invoking this uniqueness result that the thermal control u 3 on ? 2 must be introduced.
We post our main result here on controllability. 
In particular, this formula and the second characterization in (8) give that for all !, b 
We de ne the elliptic operators G 1 ; G 2 , and D as follows: 
Furthermore, if we de ne the space L 2 + (? 2 ) in a manner totally analogous to that for L 2 + ( ) (see (4) 
As we are concerned with obtaining exact controllability of the displacement !; ! t ] only, we accordingly de ne the projection operator : H ! D( A 
It is the injectivity condition (66) which we intend to directly verify. In order to rewrite this abstract inequality in \PDE form" (i.e., as the inequality (67) below), we need the following two propositions, the rst of which is proved in the Appendix below. 53) is the solution to the following backwards problem: ; t j ? 1 ; j ? 2 # are traces of the solution ; t ; ] to the backwards system (63) (this being \adjoint" with respect to (1)). So to prove the partial exact controllability of the system (Theorem 1.2), it will hence su ce to establish the inequality (67), for T > 0 large enough . In this connection, the bulk of the work will entail the derivation of the following estimate: 
This theorem will follow from a chain of results. 
This extra regularity of ; t ; ], corresponding to smooth initial data, will justify the computations to be done below.
2. 
where the constant C T above depends upon time, but C does not.
Proof: We take the duality pairing of the abstract equation (76) We now proceed to estimate the right hand side of this relation. In so doing, we will be using implicitly in 
where the constant C T above depends upon time, but the constant C does not (we have not noted the noncrucial dependence of C and C T on ). This and the equality (89) prove (a).
To prove (b), we combine (79) and (80) and subsequently take > 0 small enough. The proof of Lemma 2.2 is concluded.
Taking an arbitrary radial vector eld h 2 R 2 of the form h(x; y) x ? x 0 ; y ? y 0 ] ,
where (x; y) 2 and (x 0 ; y 0 ) 2 R 2 is xed, one has the following relation which is essentially demonstrated in 12], the complete proof of which is carried out in the Appendix below (Proposition 4.6). 
where the constant C T depends on T, but the constant C does not. Proof: We proceed to majorize the right hand side of (100). To this end, we now specify (x 0 ; y 0 ) 2 R 2 , so that h(x; y) x ? x 0 ; y ? 
Collectively, the estimates (108) and (109) 
where C T is a constant which depends on T, but the constant C does not.
In addition, we have by (79) that
where the function F is as de ned in (97).
Combining (119) and (120) 
Invoking the estimate (119) to the right hand side of this expression nally yields 
Conclusion of the
This gives the desired inequality (68).
We will have the desired inequality (67) by now eliminating the tainting lower order terms in (125). To this end, we invoke a (by now) classical compactness{uniqueness argument (see e.g. 13] and 2]) which makes crucial use of the Holmgren's{type uniqueness result for the thermoelastic system posted in the introduction. It is at this point that the boundary trace j ? 2 , corresponding to the control u 3 , comes into play. Lemma 2. 
Moreover, the explicit representation of L T in (62), and the convergences posted in (128) and (130) 3 The Proof of Theorem 1.1
Given the space C r ( 2;T ), we consider the system (1) under the in uence of boundary controls in U r+1 , as de ned in (40). The controlled PDE is then approximately controllable for T large enough. Indeed, if we take arbitrary 0 ; 1 ; 0 ] from the null space of L T , then using the form of this operator given in (58), we have necessarily that t j ? 1 = @ t @ ? 1 = 0, and j ? 2 = 0, where ; t ; ] is the solution to (54). We can then use the uniqueness theorem of Isakov, in a fashion similar to that employed in Lemma 2.7, to show that ; t ; ] = 0; 0; 0] on (0; T) , and in particular 0 ; 1 ; 0 ] = 0; 0; 0].
With the designated control space U r+1 we then take T > 0 large enough so as to ensure both the approximate controllability of the entire system (1), and the exact controllability with respect to the displacement (see Theorem 1.2). In this event, we have the observability inequality (67), and therewith one can show in a manner identical to that Step 1 
Step 3 
Thus, the constructed control u = u 1 ; u 2 ; u 3 ] 2 U r+1 satis es the desired exact{approximate controllability property. Moreover, the Sobolev Embedding Theorem gives that u 3 2 C r ( 2;T ). This concludes the proof of Theorem 1.1. 
A density argument concludes the proof. 
Proof of (i): For all $ 2 L 2 (0; T; H 1 ( )), we easily have 
and follow this by an integration from s to ; i.e., we will work with the equation 
To handle the left hand side of (157) 
after making use of the divergence theorem and the fact that b t = 0 on ? 0 .
(ii) Next, 
we consequently have upon the insertion of (162) into (160), followed by the consideration of (163) that To now obtain (100), we combine the expressions (167) and (169){(170), and follow this by a rearrangement of terms and use of the characterization (11).
We nally cite here a critical trace result which is used in the derivation of Lemma 2.4. Trace Theorem ( 15] 
(here the boundary operators B 1 and B 2 are as given in (2)). Let 0 < 0 < T and > 0 be arbitrary. 
